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MOTION OF A PENDULUM WITH STRONG DAMPING Zl42
ON A VIBRATING BASE

(Moscow)

ABSTRACT 24 /58 7
The motion of a pendulum with its axis oriented vertically is
investigated. It is shown that vibration of the base gives
rise to a slow unidirectional rotation on the part of the
pendulum. The mean angular velocity of this rotation is
calculated, %(

To the base on which the pendulum is mounted we affix a translationally
moving coordinate system {nf. We align the ¢ -axis along the vertically oriented
axis of rotation of the pendulum (this axis is perpendicular to the plane of
the paper in the figure). The angle through which the pendulum rotates is
denoted by 1, the distance from the center of gravity C to the rotational axis
by @. The equation of motion of the pendulum has the form

da da :
A‘.I‘T_i_h?‘:-.mlWEsma-—mancosa (1)

/) \ %
@

Here, A is the moment of inertia of the pendulum relative to the rotation-
al axis, h is the damping factor, presumed large, m is the mass of the pendulum,
W ¢ and wn are the projections of the base acceleration,

Let the acceleration of the base due to vibration vary élccording to the law

We = a0 sin ot, W, = a0 sin (@t + 0) (2)

Numbers in the margin indicate pagination in the original foreign text.



where 6 is some constant phase shift, We introduce the following notation:

a,0g=mn, aw¥g=ng, mglm=p, mgln,=p, (3)

Here g is the free-fall acceleration, n, and n, are the vibration over-

1 2
loads. Taking (2) and (3) into account, equation (1) assumes the form

d’a da . . : .
A-d—‘;-i-h-cﬁ=plsmaslnmt-—p,cosasm(cot+0) (4)

In the latter equation, we perform the substitution a= a , + X (where o

0 0
is the value of the angle o at the initial instant) and consider x to be small,
i.e., we let cos x 1, sin x =~ x.

We have

Ag.:.:;'_;_h%_::.—_-pl'(sina.-l-xcosao)sinmt—-

— P, (cos @y — z sin ag) (sin @t cos 6 + cos w¢ sin 0) (5)

In equation (5), we make the following change of variables:

x = m, sin wt | m, cos wt - z;

- hp, COS @y sin 0 + Aw (p, sin ag — p, €0s &y €OS 6) 6)
My = — o (A% + i)
. Awp; cos ag sin 0 — h (p, sin @y — p, c0s @y — cos 0)
Ma © (A0’ + #9)
We obtain
d3zx dx
ASa +hgf=f (2, 01 (7)
Here
f (21, of) == [ipl €0S 0 4 pq 5in a4 cos 6) sin ot + (8)

4 pa 5in aq sin 0 cos wt] (m, sin ot 4 m, cos ¢ + )

We seek the solution to equation (7) in the form
5, =Cy+ Ce™ (k=h/a), dz,fdt = — kCye™* (9)

The unknown variables Cl and C,. satisfy the relation

2

dCyldt + ™ dCy ) dt = Q (10)



From equation (7), bearing in mind (9) and (10), we find

he M dCy/dt = — f (z,, wt), hdC,ldt = { (2,, t) (11)

Let us examine the case in which the base motion is such that the vibra- {143
tion frequency is large and the parameters D, and P, (see eq. (3)) are small,

We will confine our analysis to motion of the pendulum during a time inter-

val in which Xl varies only negligibly. It is apparent from equation (8) that

in this case, f(x1,<»t) is small.

Equations (11), taking into account the assumptions made above, shows that
-kt

the functions Cl and 02e vary slowly with time.
Consequently, the function f(C1 + Cze-kt,u)t) can be replaced in equations
(11) by its mean value (ref. 1), averaging over wt and, in so doing, treating
¢, and Cze-kt 3s constants. The mean value £, of the function £(C, + CZe—kt,wt)
is determined by sitraightforward calculations. We have
2fo = <2 [(p, cos aq -{-kp, sin a, cos 6) sin ot 4 p, sin a, sin 0 cos wt] (m, sin vt +-
+ mg cos ot 4 C, + Cye™™) ) = m, (p, cos ag + p, sin a, cos 0) + myp, sin a4 sin 0 (12)

Here and below, the angular brackets {...) denote the time average of the
bracketed quantity.

kt

Replacing the function f(C1 + C.e ,wt) in the first equation of the

2

system (11) by its mean value f. and integrating, we obtain

0

C=—L e

We now substitute the variable 02 into equation (9). We have

dzy _ fo ~kt
R e TALY:

Hence
ﬂ>_ E§_ﬁ,
N\ dt =Ndt/  h’

Finally, bearing in mind equations (6) and (12), we obtain the equation
for the mean angular velocity of the pendulum in the form



daNy A (p? — p?) sin 2a,  Ap,p, €08 20, cos 0 P1Pa 5in 0
i/ = i@ F ) T T 2k (@0t + W) T Za (4@ + Y

It is apparent from the latter equation that vibration of the base can
elicit rotation of the pendulum in one direction. Specifically, if the moment
of inertia of the pendulum is sufficiently small, such rotation proceeds at a
constant angular velocity:

da P1Pa sin @
W>=‘ ﬁm'
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